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'hknU¨ " ²¤¨RSiWc>(mWeS°jmzUzmhx OWXhkdWA9e]hx£~z}e]hkjm)©NjOqilk°g6WXe]je]WCcve,jOsWAzOS°c]Wej}z}VXhkijGzmhkic
P
zmlxhknmiWCg9a"e]SUWz}|U|is]j9zmSh2hxe§hpc{WCoOq~z}l ejjmiWj}e]SiWnmhk mWAnOs]jOqi|UcA¨[RSUhkc§z}|i|isjOzOS"Vz4ag~W
zm|i|ilkhxWCGjmUlxa"e]jcfVz}lkl×nOs]jOqi|UcwjmswWAlkc]Whxe§©hklxl'sWAo9qihks]Wz+lkzms]nOWz}VXjmqUOe§j}2e]sz}hkihkin+c]WAo9qiWAUWCce]j
hpdWAOehazmlxl~e]SiW§hxVX|6jms]ezmOe[nmsjmqi|~c{¯KjmUc]hkiWsNjms®hkUcfezmUWwe]SiW§|is]jOgUz}gUhxlkheva?j}×zmlxhknmUhxinz}lklUeSiW "
Sbaddsjm|iSUjmgihp§zmVXhxijzOhpichxGz?lkhxVXhxe]WAc]We{jm'jOs]sWlpzeWA+|is]jme]WAhxUc²¤¨
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'hxnOqisW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'hknmqisW " I :2Wi dhpz}nmsz}V |isjm|6jOc]WA gba Rz4ablkjms"hx 0Åd;3,c]Sij©hkin eSiW°sWlpzehxjOUc]Sihx| j}e]SUW¦m
zmVXhxij°zmhpice]j°zcfWAlxWC¤e]hkjm jm{|iSbadcfhpjm¢SiWAVXhkAz}l2|isjm|6Ws]e]hkWAce]SijOqinmS9eejg6W+hkV?|6jms]ezm9ehk e]SiW
iWe]WAs]VXhkUzehxjO"jm|isj}eWhkGcves]qUe]qisWz}U+qiUe]hkjm¬¨
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 W|isjm|6jOc]We]j q~cfWz cfez}e]hpcvehkAz}l{eWAcfee]j iWAhpdWhx,e]SiWVqilxe]hx¢c]We
P
S~zmcg6WWA nmWUWsze]WC
zOjmsdhxUnejXz?|iSbadc]hkj}«SiWVXhpz}l;nOs]jOqi|
G
jmsijme¯Kc]WW'hxn~¨   ²¤¨
J¡hk mWAev©Njcfez}e]WAc
q1, q2
j}'e]SiWzmqde]jOVzezUºilkWe
P
g6We]SiWcfWewj}2z}lkl¬eSiWz}VXhkijzmhkUc{z}lklxj©hkin?e]j
sWAzOS
q2
sjmV
q1
zmU¦lxWe
n
g~We]SiWej}ez}l®bqiVg~WAsj}{c]WAo9qiWAUWCcqUc]hxineSiWAc]WeszmUcfhxe]hkjm~c¨  W
iWAhpdWe]j"s]WA|ilkzOWe]SiWXqissW9e¡c]We,j}NzmVXhxijzmhkic
P
gbae]SUW?c]Vz}lklxWCcve¡|iSbabc]hpj}«SiWAV?hpzml×nOs]jOqi|
G
hkUlkqUdhkin
P
gUzOcfWC"jOe]SiWs]WCcfqUle{jm2zlxh (mWAlxhkSijbjd"szehxjXeWAcfeA¨Rj+jOV?|Uqde]WeSihpc{sze]hkjUº~©NWq~cfW
eSiWgUzOG(9nOs]jOqiUG|Us]jOgUz}gihklkheva
pa
jmNWAzOS)zmVXhxijGzOhp
a
zmU°©NWXWAcfe]hkVzeWeSiW|isjmgUzmgihklxhxeva
pa|GjmNeSihpcz}VXhkijzmhk)nOhx OW°e]SUz}eheg6WlkjmUnOc,ej
G
gba
pa|G = cGpa
©SiWsW
cG
hpcz|isjm|6jms]e]hkjmUzml
sWAihkcfe]shxgUqde]hkjm"Kzme]jmsjmeSiWVXhkccfhkinz}VXhkijzmhkicI
cG =
1
P
a∈G
pa
¨
Z«e]SUz}ec]We]e]hkinUºb©[W§zm+jOVX|Uz}sWe]SUWwlkh=(OWlkhxSijbjd
LG
j}
G
©SUW
n
zmV?hkij?zmhpic[z}sWwdsz4©Xs]jOV
G
e]jXhxeclkh (mWlkhkSijbjb"©SiWA"eSiWz}VXhkijzmhkiczms]W,dsz4©+sjmV
P
gbae]SUWsz}e]hkjOI
LRG/P =
LG
LP
=
(
∑
a∈P pa
∑
a∈G pa
)n
J¡hk mWAzeSis]WCcfSUjmlp
λG
ºd©[W¡e]WAcfee]SUWW59d|Uz}~cfhkjmj}
P
ej
G
z}UsWvuvWC¤ehe{©SUW
LRG/P < λG
¨
Z¢e]SiW,W09b|~z}Uc]hxjOej
G
hkcsWvuvWC¤eWA ºbeSiWsW§hpcij?W bhpdWUW,j}'z|iSbadcfhpjm¢SUWVXhkAz}l6|is]jO|~WAsfevaXhke]SiW
c]Wejm[z}VXhkijzmhpic
P
¨?Z« cfqUS)zOcfWCcº jOiWXVXz4aG©[jm~dWs,©SiWe]SiWAs,e]SiWzmV?hkijzmhkic,hk
P
SUz4 OW
g6WWA+nOWiWAsz}e]WAszmUdjmVXlka?zmUeSiW"s]WA|ilpzmWwe]SiW,c]Weg9a?eSiW,©SijmlkW§zmlx|iS~z}g6We
Σ
º9jOsN©SUWe]SUWs[e]SiW
jmVX|6jOc]hehxjOj}2eSiWcfWe§hpc§hkVX|~jOsfez}9e¡zmUc]SijOqilkg~W(mWA|de,zOcwhxe,hkcA¨YNasW|ilpzmhxUn
G
gba
Σ
z}U
hk9e]sjddqUhkine]SiW¡eSis]WCcfSUjmlp
λΣ
ºb©NW¡eWAcfehk"zXc]hxVXhklkzmsN©z4aXe]SUW¡W09d|Uz}Uc]hkjmjm
P
ej
Σ
gbasWvuvWC¤e]hkin
hxe{©SiWA
LRΣ/P =
LG
LP
= (
∑
a∈S pa)
n < λΣ
¨
RSUWAc]Wte]WCcvec'hx9e]sjddqUWtev©[jw|UzmszmV?We]WAsc
λG
z}U
λΣ
z}lklxj©hkinejweqiiWNe]SiW[s]hpc>(¡©SUWW09d|Uz}Uihxin
Pej
G
jms'WlpcfWNe]j
Σ
¨  SiWAg6j}eSz}sWNc]We'e]j
1
ºUjwW59d|UzmUc]hxjO©hxlkldg6W[djOiWz}U,eSiWSUz}szme]WAs]hkAz}e]hkjm
©hklkl×sWlka"jOe]SiW?oOq~z}lkhevaj}e]SUWe]sz}hkihkin+c]WeC¨Z«jOOeszOcveCºUc]WefehxUn
λG
e]j
0
©hxlkl×W09b|~z}UGzmlxle]SiW
c]Wec¡j}[zmVXhxijzmhkUcwej+eSiWlkjOc]Ws,nmsjmqU|hx~lkqUdhkine]SiWAV.I¡eSiWoOq~z}lkhevaGjmte]SiWXsWAc]qilxe,©hklkleSiW
cfe]sjmUnmlka"dWA|~WAUjOGe]SiW?SijmhpWj}2e]SUW?c]Wec{j}t|US9adc]hkj}«SiWVXhpzml¬nmsjmqi|~c¨§_dWefehxUn
λG
e]j
1
z}~
λΣ
e]j
0
z}lklkj©{cwej (mWWA|°jOilkaGe]SiWc]Wec,j}z}VXhxUjzOhpic,WAo9qUzmlkc¡ejjmiWXj}Ne]SiW|US9adc]hkj}«SiWVXhpzml
nOs]jOqi|Uc2jm¬z}VXhxUjzmhkicIe]Sihpc®hpc2eSiW,(bhkUjm;g6WS~z4 9hkjmste]SUz}eN©[W{©hxlkl~Kz4 mjms2©SUW+Sijbj9cfhkin,e]SUWwsWAz}l
eSisWAc]SijmlpicAºUhk|Uz}s]e]hpqUlkzms{©SiWc]WAo9qiWAUWCcwzms]Wlxj9cfWAlxas]WAlkz}e]WCzmUGSUz4 OWzlpz}snmW|6WsW9ez}nmWjm
hpdWAOehevaO¨
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 WGW zmlxqUz}e]WC jOqisz}|i|Us]j9zmS jO eSiWGVzuvjmsXhk9e]shxUc]hp|is]jme]WAhx/¯K±GZ«r[²Kz}VXhxlka50kA	3P¨ RSiWG±GZ«r
KzmVXhxlkaGSUzmc¡g6WWA°jOUcfe]hxe]qdeWA)zmjmsdhkine]j"qiUe]hkjmUzml2z}U°cves]qUe]qisz}l|isjm|6Ws]e]hkWAcA¨,rtsj}e]WAhx~c§jm
eSihpctKzmV?hklkaz}sWe]sz}Uc]VXWVgiszmiWwSUzmiiWAlkcAºO©[Wlklx(bij©Xejg6W§hkVX|~jOsfez}9e®jOsN©zeWsCº9zmlkjmSijOl~z}~
c]Vz}lkl;V?jOlxWCqilkWAcNeszmUcf|6jms]e[zOs]j9c]c[WAlxl;VXWVgiszmiWAcNeSUz}!(dcNe]jXr¨ + nOs]WX¯  jmg6Wl rtshkW¡hx 7NSiWV?
hpcfe]saL?«jOse]SiWihkcj OWsaj}©[z}e]Ws{S~z}iiWAlkc A¤ºU}m " ²¨    Z«r®y{\¡R,ºUzXgUhxjOlxjOnmhpz}l;|isj}eWhkGcfWCoOqUWUW
UzezmgUzmc]Wmº jm9ezmhxUc 6Um|Us]jme]WhkUc,z}Uij}eze]WCzOc,g~WAhxinVXWVg~WAsc,jmte]SiW±GZ«r KzmV?hklkam¨X\wNe]SiWCcfW
6UmOºN46G|isj}eWhk cfWCo9qiWUWAc"¯KdWAij}eWA SiWAs]WCz eWsgba)e]SUW"c]We?R{²z}sW|isWAc]W9ehkÕ_  Zf_i_dr®y{\¡R
©SUhkS hpce]SiW"s]WAlxhpz}gilkW"zmiijmezeWA¦|iqUgilxhp"s]WWsWUW+izez}gUzOcfW+qUcfWC gba¦rts]j9cfhxe]WO¨¦\weSihkc?c]WeAºtz
r+s Ô r)t
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gUhxjOlxjOnmaW09b|6Ws]ewSUzOchpdW9e]hx£UWCjmilkaG6XcfWCoOqUWUWAc©hxe]SzXsWAzml¬gihkjmlkjmnOhkAz}l W59d|6WshxVXWAOe]Pg~zmc]WAz}d
Uj}ez}e]hkjm ¯=zlkj}e§jmt|isj}e]WAhx~c{g6Whkin"zmiij}ezeWA&?fgbac]hxVXhklkzms]hxevaAv²¨wY[a£UleWshxUnjmqde§e]SiWXc]WAo9qiW~WAc
©hxe]SVXjmsW,e]S~z}
90%
j}hkdWA9e]hxevamºieSihpc{cfWe{©[zOc[e]SiWAGs]WCdqUWA+e]j  =  c]WAo9qiWAUWCc¯Kc]Wew±²¨;\w'e]Sihpc
c]WeCºbe]SiWW09d|~WAsfeSUzOchkdWA9e]hx£UWAG   ©ze]WAsf«c]|~WChx£~§c]WAo9qiWAUWCc,¯Kc]We   ²z}~CnOlxadWAs]jOl;jmscfVzmlxl
VXjOlxWCqilkWKzmhxlkhxezejms?cfWCoOqUWUWAc¯=cfWe  v²¤¨'×Weq~cijme]hpWeSiW"ih qUleva¦j}eSiW"ihkcshxVXhkUzehxjO
ezmc>(g~Wev©NWAW"e]SiWCcfW±GZ«rºUc]jmVXW,cfWCo9qiWUWAc[j}   g6WhkinlkjOc]Ws[e]jXc]jmVXWcfWCoOqUWUWAc[j}  2e]SUzm
ej,e]SiWjme]SiWAs®c]WAo9qiW~WAcjm   ¨  W{SUz4 mWWCcvez}gilkhkc]SiWC?zmlkc]jz,jm9es]jOlicfWe®jmVX|6jOc]WA?j} c]WAo9qiW~WAc
lxj9cfWe]jG±GZ«r/cfWCo9qiWUWAcX¯ £~scfe,Y[lpzmcfe¡SUhec²¡z}~hpdW9e]hx£UWCgbaGeSiWW09d|~WAsfezmc¡g6WhkinjmqdecfhpdW?e]SiW
KzmVXhxlka¯Kc]We7²¨
R©[j (bhxUUc¬j}iW09d|~WAs]hkVXW9ec×©NWAs]Wt|6Ws]jmsVXWA ¨8'hxscveCº4jmqis×szmnmVXW9e×VXWsnmhkin{cSiWVXWt©zmc× z}lkhkiz}e]WC
gbajOVX|Uz}shkc]jm©hxe]Srtszefe<0 63iz}URWhksWAc]hkzOc;0k2<3bVXWe]SUjbUc'zmUr®s]j9cfhxe]WNSUz}UdPVzmiW®|Uz}efe]WAs]4¨-ijms
eSihpc2|iqis|~j9cfWOº}©[W[sWAcfe]shp¤e]WCr®s]jme]jmVz}ez '+e]j,s]We]qis?jmilkaeSiW£UscvetjOVXV?jOsz}nOVXW9etcfSUzms]WCgba
zmlxl2c]WAo9qiWAUWCc¨X_bWAjmUdlkamº ©[WjOUcfhpdWAs]WCe]SiWVXjOs]W?dh qileezmc>(Gj}NqiU¤ehxjOUz}ltihkcshxVXhkUzehxjO
g6Wev©[WWAe]SiW±GZ«r®c (9Uj©"ejg6W©ze]WAsf«c]|~WChx£~z}UeSiW±GZ«rNc,(bij©e]j+g~WnmlkabWsjml jOswcfVzmlxl
VXjOlxWCqilkWAc,KzOhklxhxez}e]jOscA¨GRSihkcezOc ()hkcVXj}e]hk zeWA¦gba)zg~Wefe]WAsqUUdWscfez}~dhxUnGj}e]SiW+e]sz}Uc]|6jms]e
jm2e]SiWCcfW?VXjmlkWAqilxWCc¨  WqUc]WAhe¡e]jcveqUdae]SUW?o9qUzmlxhxevaj}2e]SUW?SUzmszO¤eWshxCze]hkjm×º~zmc¡ze]e]WCcveWAGgba
lkWAz4 OW¢jmiWPjOqde§|Us]WCdhke]hkjm)|~WAsfjOs]VzmUWCc¡z}edh 8;WsW9ec]|~WChx£~hxevalkW OWlpcº¬jO)lxj9cfWAlxaGsWlpzeWA)cfWec
jm'c]WAo9qiWAUWCc¨
+ lxlme]SiW2W09d|~WAs]hkVXW9ec ©[WsW2|6Ws]jmsV?WCw©hxe]Szm,hxVX|ilkWVXW9eze]hkjmjm9jOqis¬z}|U|is]j9zmS¡Uz}VXWC§r®s]jme]jmVz}ez
'"qUc]hxUn§¥§Z + '¬Z J  {©hxe]Se]SUW®jOlxlkj©hxUnwjm|ie]hkjmUc I	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d¨×RSiWNnmsjmqi|W59d|Uz}~cfhkjmjm
r®s]jme]jmVz}ez 'GSUzOc[g~WAWdjmiW¡©hxe]S"e]SiW,cfWec[j}'|iSbadcfhpjm¢SiWAVXhkAz}lU|Us]jO|~WAsfehxWCc®|isjm|6jOc]WA+hx 'hxn~¨2
jm 0 i/3~W09dW|deNe]SiW?vqiUhxjOUc AnmsjmqU|ºbz}U
λG = 10
−7 º λΣ = 10−19
¨ Dt OW©hxe]SjOqis®qUijm|dehxVXhkWC
jddWmºbeSiWW59dWAqde]hkjm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